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Abstract 



We show that the self-duality defined in [Trautman, Int.J.Theor.Phys.,16,561 (1977)] is equiv- 
alent to strong self-duality defined in [Bilge, Dereli and Kocak, Lett. Math. Phys., 36, 301-309, 
(1996)] and we obtain an upper bound on J(p2) n , where P2 is the second Pontrjagin class of an 
SO(N) bundle over a 8n dimensional manifold. 
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1. Introduction. 

The self-duality of a 2-form in four dimensions is denned to be the Hodge duality [1]. The 
search for a meaningful definition of self-duality in higher dimensions as a map on 2-forms, has 
been studied by various authors [2-7]. A definition of self-duality based on an eigenvalue criterion 
has been recently proposed in [8] where an overview of previous results is also given. According to 
this definition, the "strongly self-dual" 2-forms in 2n dimensions form an n 2 — n + 1 dimensional 
submanifold 5 2 n of the skew-symmetric 2n x 2n matrices, determined by the condition that the 
absolute values of the eigenvalues coincide. It was also shown that this definition is equivalent to 
the self-duality condition used by Grossman et.al. [6], namely FAF be self-dual in the Hodge sense. 
Here, in Section 2 we show that the self-duality condition given by Trautman [3] = k * u, 

where * denotes the Hodge dual, is also equivalent to "strong self-duality" . 

In [8], it has also been shown that for an SO(N) bundle, the strongly self-dual forms saturate 
an upper bound for the integral of the first Pontrjagin class p\. Here we obtain an upper bound 
for the integral of the second Pontrjagin class P2 for an SO(N) bundle, which is again saturated 
for strongly self-dual forms. This upper bound is however gauge independent only under an 
"orthonormality" assumption (Eq.3.4). 

2. Equivalence of various definitions of self-duality in 2n dimensions. 
2.1. Preliminaries. 

Let M be a 2n dimensional manifold, E be a vector bundle over M with standard fiber R N 
and structure group G, and let g be a linear representation of the Lie algebra of G. If A is the 
g valued local connection 1-form, the local curvature 2-form is defined as F = dA — A A A and 
the Bianchi identites are dF + FAA — AAF = — 0. The local curvature 2-form depends on the 
trivilization of the bundle, but its invariant polynomials <7j defined by det(J + tF) = J27=o C7i ^ are 
invariant of the local trivialization. The Uj 's are closed 2i-forms, defining deRham cohomology 
classes in H 21 , proportional to the Chern classes Cj (or the Pontrjagin classes Pj/2) of the bundle 
E. In addition for an SO(N) bundle, the square root of the determinant of F (which is a ring 
element) defines the Euler class x [9]- The <7j's can also be written as linear combinations of trF 1 
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[10], where F l means the product of the matrix F with itself i times, with the wedge multiplication 
of the entries. In order to avoid proportionality constants, we will work with the quantities cr^'s 
instead of the Chern or Pontrjagin classes. In the following we consider real SO(N) bundles, and 
we recall that all principal minors of F are skew-symmetric matrices, hence their determinants are 
perfect squares, and the 02i's are sums of squares of z-fold products of the entries of F. 

We shall use the notation, (a, b) where a, b are forms on M to represent the inner product in 
on the exterior algebra AM X , x <E M, while (A, B) where A,B are Lie algebra valued forms will 
denote the inner product in AM X ® E x , x £ M, hence both expressions are functions defined on 
the manifold. 

2.2. Equivalence of strong self-duality and Trautman's definition. 

Let coij be the components of a 2-form in 2n dimensions with respect to some local orthonormal 
basis. In the following, we shall denote the 2-form u> and the skew-symmetric matrix consisting of 
its components with respect to some orthonormal basis by the same symbol. Let HXk, k = 1 . . . n 
be the eigenvalues of the skew-symmetric matrix uu. The invariant polynomials s 2 i, of uu can be 
expressed in terms of the elementary symmetric functions of the Xf 's. The inner products a/) 
and the s 2 i's are related as follows. 

(w,w) =s 2 = \\ + \l + ... + X 2 n , 

X\X\ + XjXl + . . . + A Jl _ 1 A„ 

A 1 A 2 A 3 ' A 1 A 2 A 4 T • • • "I" A n-2 A n-l A n 

We define the weighted elementary symmetric polynomials by % = s 2 i / (™) . We have the 
inequalities [11] 

Qi > q\' 2 > Q3 3 > ■ ■ ■ > Qn /n , qr-iq r +i<ql l<r<n (2.2) 

and the equalities hold iff all the Aj's are equal. In [8] we have adopted this case as a definition. 
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(2TF(W 2 ^ 2 ) = s 4 = 
(3T)^(W 3 ,^ 3 ) =S 6 = 



Definition 2.1 Let w be a 2-form in 2n dimensions, ±i\k, k = 1, . . . , n be its eigenvalues and 
X) be the the square root of the determinant of u>, with a fixed choice of sign. Then u is called 
strongly self-dual (strongly anti self-dual) if | Ai |=| A2 |= . . . =| A„ |, and 77 > (77 < 0). 

The strong self-duality condition is equivalent to the matrix equation u 2 + \ 2 I = 0, where / 
is the identity matrix, and A 2 = j^tiuj 2 . This definition gives quadratic equations for the w»/s, 
hence the strong self-duality condition determines a nonlinear set. In four dimensions, the strong 
self-duality coincides with usual Hodge duality, more precisely, the matrices satisfying J 2 + XI = 
consist of the union of the usual self-dual and anti self-dual forms. In higher dimensions the set 
<S 2 n is an n 2 — n + 1 dimensional submanifold [12]. 

We recall the inequalities 



From the (2.1) and (2.3) we obtain the following Lemma which generalizes the results of [8] to 
arbitrary dimensions. 

Lemma 2.2. Let u> be a 2-form in 2n dimensions. Then 



(uj,n) 2 < (uj,Lj)(ri,f]) 7 



2(u,T]) < + (77,77). 



(2.3) 



(n-l)^^) 2 --^ 2 ^ 2 ) >0 



(2.4) 



(2.5) 



and equality holds if and only if all eigenvalues of oj are equal. 



Proof. To obtain Eq.(2.4) we use, 




n(n — 1) 

2 1 
n(n - 1) 4 
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which gives the desired result. Similarly using 



ll/2 >q, 
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we obtain (Eq.(2.5). e.o.p. 

From Lemma 2.2, we immediately have 

Corollary 2.3. The 2-form lo is strongly self-dual iff iW 2 is self-dual in the Hodge sense. 

We will now show that this condition is also equivalent to the self-duality definition used by 
Trautman [3]. 

Proposition 2.4. Let lo be a 2-form in 2n dimensions. Then 

oj n ~ 1 =k*w (2.6) 

where k is a constant, if and only if lo is strongly self-dual and k = : ^ i (u},uj)%~ 1 . 

Proof. Multiplying (2.6) with lo and taking Hodge duals, we obtain, *to n = k(cu,ui). Since (to, to) = 
s 2 = nqi and | *lo u |= nXs^n = n] -Qn, we obtain k = (n— l)\q^ 2 /q\. Then taking inner products of 
both sides of (2.6) with themselves, we obtain (w n_1 , cj™ -1 ) = k 2 (*Lo, *lo) = k 2 (uj 7 uj). Substituting 
the vakue of k obtained above, and using {lo u ~ 1 , lo u ^ 1 ) = ((n— 1)!) no^-i, we obtain q n = q n -iqi- 
But since qi > ql/ n , we have q n > qn-iQn" ', which leads to g™ -1 > q™_ 1 . This is just the reverse 
of the inequlity in (2.2), hence equality must hold, and all eigenvalues of to are equal in absolute 
value. Thus lo is strongly self-dual and it can also be seen that k = -^^{lo.lo)^^ 1 . e.o.p. 

Applying Lemma 2.2 to the 2-forms lo ± r\ we obtain 
Corollary 2.5. Let lo and ij be 2-forms in 2n dimensions. Then 

4(ur,,ur,) <4 2 J^l(Lo, V f + \ 2 -^{uo^f (^W)l + \ 2 -^(v,v) 2 faW) 
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The inequality is saturated when lo = i] and it is strongly self-dual. This corollary will be 
used in the next section. 



3. An upper bound bound for 04. 

Consider an SO(N) valued curvature 2-form F = (F a b). Then 

(F,F) =2j2(F ab ,F ab ), (3.1a) 
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0"4 = [FabFcd — F ac Fbd + FadFbc} 2 , (3.1c) 

where the the summation goes over the indices such that b > a, d > c, and in the last summation 
the the pairs {a, b} and {c,d} are distinct with c > a. We recall the integrals j{<J2) k (over a Ak 
manifold) and / {(?i) k (over an 8fe manifold) are independent of the bundle trivilization and of the 
representatives of the cohomology classes, hence they are invariants of the bundle, while, J (F, F) k 
and J (a, a) k are only independent of the bundle trivilizations. Thus our aim is to obtain upper 
bounds for the bundle invariant quantities in terms of latter quantities, which can be taught of 
physical fields, and to characterize the conditions under which these inequalities are saturated. 

In [8] we have obtained an upper bound for J u\ for an SO(N) bundle over an eight dimensional 
manifold. This result can be generalized immediately to SO(N) bundles over 2n dimensional 
manifolds. 

Proposition 3.1. Let F be the curvature 2-form of an SO(N) bundle over a 2n dimensional 
manifold, Then 

(F,Ff > i^(a 2 ,a 2 ) > \ 2 -^ * o\. (3.2) 

The conditions under which the inequalities are saturated depend both on the relations among 
the F a b's, and on the properties of each F a b, i.e., inequalities of type (2.3) and (2.4) should be both 
saturated. For example, (3.2) is saturated when F = ujF Qi where F Q is a constant matrix, and 
iv is a strongly self-dual 2-form. By raising both sides of the inequality in (3.2) to power k and 
integrating, we obtain upper bounds for the integral of p k on a Ak dimensional manifold. 

We can give estimates on 04 for an SO(N) bundle using Corollary 2.5. To illustrate the proof, 
we will first work for an SO (4) bundle, then generalize the result to arbitrary dimensions. 

Proposition 3.2. Let F be the curvature 2-form of an SO {A) bundle over an eight dimensional 
manifold. Then 

I *a 4 |<f<I>+ i(F,F> 2 - f (a 2 , <7 2 ) (3.3) 
where $ = (F 12 , F 34 ) 2 + {F 13 ,F 24 ) 2 + (F 14 ,F 23 ) 2 . 
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Proof. We explicitly write 



(F, F) = 2 [(F12, F 12 ) + (Fi 3 , Fi 3 ) + (F U ,F 14 ) + (F 23 , F 23 ) + (F 24 , F 24 ) + (F 34 , F 34 )] , 



^2 — Fl 2 + Ff 3 + Ff 4 + F| 3 + F 2 2 4 + F|, 



34j 



cr 4 — [Fi 2 F 34 — Fi 3 F 24 + Fi 4 F 23 ] 2 . 



Then using the inequality *i] 2 < (rj, rj) for 4-forms, we have 



I *cr 4 |< (-F12-F34 — Fi 3 F 24 + F i4 F 23 , Fi 2 F 34 — Fi 3 F 24 + i*i 4 F 23 ), 



which gives using (2.3b) 



I *04 |< 3 [(F12F34, Fi 2 F 34 ) + (F13F24, F23F24) + (F14F23, -F14-F23)] 



Now we can use Corollary 2.5 to write the right hand side in terms of (F, F) and (<r 2 , <t 2 ). However 
we need to add terms such as 3(Fi 2 , -Fi 2 )(Fi 3 , f\ 3 ) — 2(i 7 1 2 2 , F^ 3 ) (which are all positive quantities) 
in order to obtain (F,F) and (<7 2 ,<r 2 ) on the right hand side. Collecting terms we obtain (3.3). 
c.o.p. 

The inequality is saturated when iq 2 = F 34 , F13 = — F 24 , F14 = F 23 , and each of these 2-forms 
are strongly self-dual. The quantity $ is not invariant under bundle automorphisms in general, 
however it can be seen that the condition $ = is invariant if 



It is possible to obtain a bound for $ in terms of (F,F), but then the inequality (3.3) is not 
saturated. 

The Proposition can be generalized to arbitrary dimensions by counting arguments. 

Corollary 3.3. Let F be the curvature 2-form of an SO(N) bundle over a 2n dimensional mani- 
fold. Then 



{Fij.Fki) — SikSji 



(3.4). 



W4 |<| 6* + §(V)<F,J0 a -(V)(<7 2 ,o*) 



(3.5) 
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where <& = ^2{Fij,Fki), where the summation extends over distinct pairs of indices {i,j} and 
{k,l}. 

By raising both sides of (3.4) to power k and integrating we obtain upper bounds for J{p2) h 
over an 8fc dimensional manifold. The right hand side of Eq.(3.5) is gauge invariant only if $ = 
and an analogue of Eq.(3.4) holds. 

4. Conclusion. 

The equivalence of strong self-duality and various other definitions of self-duality in dimensions 
higher than four, and the saturation of certain topological lower bounds suggests that strongly self- 
dual forms share many important properties of self-dual 2-forms in four dimensions. There are 
however certain features that are not matched completely. 

First of all the strongly self-dual 2-forms do not form a linear space. This situation can be 
remedied by restricting the notion of self-duality to linear submanifolds [12]. However the maximal 
dimension of such linear submanifolds in dimensions In is equal to the number of linearly indepen- 
dent vector fields on S* 2 ™ -1 . In eight dimensions those linear submanifolds include a representation 
of octonions in i? 8 and the self-duality equations of Corrigan et al [2]. However in dimensions 
for example 2(2a + 1) these linear subspaces are one dimensional, and the self-duality equations 
obtained in [2] cannot be represented in this framework. This suggests that the notion of strong 
self-duality may be weekened to comprise a richer structure of self-duality equations, at the price 
of relaxing the saturation of topological lower bounds. 

The second problem is that, the self-duality equations obtained by selecting linear subspaces 
of strongly self-dual forms are overdetermined. Thus the existence of solutions are not guaranteed 
in general (one solution is given in [6]). We remark however that the in eight dimensions, the 
orthogonal complements of the linear subspaces of strongly self-dual forms lead to elliptic equations, 
and this suggest that in arbitrary dimensions, these complememts may be more interesting from 
the point of view of resulting system of partial differential equations. 
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